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solutions of stochastic differential equations in the L p [0, 1]- and the 
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which allows us to relate the complexity of the diffusion process to 
that of the Wiener process in certain random Banach spaces. 
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1 Introduction 

In this article, we study the high resolution quantization problem for Re- 
valued stochastic processes X that are solutions of stochastic differential 
equations. We let C([0, l],R rf ) denote the set of continuous functions map- 
ping [0, 1] to M. d and denote by || • || [o,i] the corresponding supremum norm, i.e. 
ll/ll[o,i] = su Pte[o,i] Analogously, L q ([0, 1], R rf ) denotes the L 9 -space 

of functions mapping [0, 1] to M. d and || • [o,i] denotes the corresponding 
L^-norm. 

We consider norm based distortion measures induced by the latter two 
norms. More precisely, for (E,\\ ■ ||) equal to (C([0, 1], || • ||[o,i]) or 
(L 9 ([0, 1], M. d ), || • Hiafo ii), we investigate the asymptotic behavior of the 
quantization error 

D®(r\X, || • ||, p) = inf E[\\X - Ifj^, 
x 
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where the infimum is taken over all discrete, -©-valued random vectors X 
(reconstructions) with | range (X)\ < e r . The main objective is to provide 
sharp estimates for the asymptotic quantization error. Apart from the quan- 
tization problem, the new methods prove to be useful also when considering 
entropy constrained coding. 

Until the end of the past century, research was mainly focused on source 
signals X in finite dimensional spaces. An extensive overview on this theory 
is contained in the monograph by Graf and Luschgy (2000). For a general 
absolutely continuous measure /i on R d , the asymptotic quantization error is 
related to that for the uniform distribution on the unit cube; essentially, one 
obtains an additional factor depending on the quantity || 4^[\\li, where q > 
is a parameter depending on the studied moment (see Graf and Luschgy 
(2000), Theorem 6.2). 

In Fehringer (2001) and Dereich et al. (2003), the asymptotic quantization 
problem was treated for Gaussian measures on separable (typically infinite 
dimensional) Banach spaces. In this setting, the quantization error can 
be estimated against the inverse of the small ball function. Results from 
the theory of small ball probabilities then lead to good estimates for many 
important examples. Moreover, in Dereich and Scheutzow (2004) it is found 
that for the (i-dimensional Wiener process W considered in C([0,l],M d ), 
there exists a constant K G (0, oo) independent of the moment index p > 
such that the quantization error satisfies 

D^(r\W,\\-\\ m ,p)~K-L 

as the rate r tends to infinity. The constant K is related to the principal 
eigenvalue of the Dirichlet problem on the unit disc. In particular, one 
obtains for d = 1 that K G [^S=,7r]. 

Here and elsewhere we write / ~ g iff lim^ = 1, while / < g stands for 
limsup - < 1. Finally, / 

f f 

< lim inf — < lim sup — < co . 
9 9 

When the underlying space of the original process X is a Hilbert space, a 
detailed analysis of the problem is possible: For any moment p > the 
asymptotic quantization error is equivalent to the distortion-rate function 
for the second moment norm-based distortion (mean squared error). The 
statement requires only mild conditions on the asymptotics of the eigenval- 
ues of the corresponding covariance operator (see Dereich (2003), Theorem 
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6.2.1; Luschgy and Pages (2004b)). By a result of Kolmogorov (see Ihara 
(1993), Theorem 6.9.1) the distortion-rate function is given by some implicit 
formula and the explicit asymptotics can be computed in many cases. In 
particular, if the sequence of ordered eigenvalues (A n ) is regularly varying 
with index —a < —1, then for any moment index p > 0, 

as r — > oo (see Luschgy and Pages (2004b)). In particular, the d-dimensional 
Wiener process W in L 2 ([0,l],R d ) satisfies 

D^Xr\W^-\\ L * m ,2)~^L. 

Let us now focus on the coding complexity of solutions (-^t)tg[o,ii of stochas- 
tic differential equations. Luschgy and Pages (2004a) considered 1-dimensional 
diffusions with continuously differentiable diffusion coefficients. Their cod- 
ing strategy is based on the Lamperti transform which maps the original (Xt) 
onto a process (Xt) which is a Brownian motion plus drift term. Approxi- 
mating the process X by some close process X and inverting the Lamperti 
transform for X leads to a "good" reconstruction of the original. Under 
a regularity assumption on the Lamperti transform (assumption (3.8)) and 
the assumption that the diffusion coefficient is strictly bounded away from 
0, they are able to prove that 

D (q) (r\X, || • ||z, 9 [o,i],p) ~ r^oo, 

for any q G [l,oo) and p € [l,oo). The same estimate is valid when the 
L 9 -norm is replaced by the supremum norm. 

In contrast to Luschgy and Pages (2004a), we use the Doob-Meyer decom- 
position and a time change to approximate the original. Our approach leads 
to the strong asymptotics in the quantization problem when the underly- 
ing norm is the supremum norm. Moreover, we obtain an upper bound for 
the L^-norm which we conjecture to be asymptotically tight. Our analysis 
requires only mild regularity assumptions for the drift and diffusion coeffi- 
cients. Moreover, the multi-dimensional case with scalar diffusion coefficient 
is included in our approach. We shall see that the coding problem for diffu- 
sions is tightly connected to that for the Wiener process, and this link will be 
the main tool in the proofs of the present results. Beyond the quantization 
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problem, this fact seems to be useful as well when considering the entropy- 
constrained coding problem. 

Let us now fix the notation. Let (fl, J-, (J r t)t>o^) be a complete filtered 
probability space that satisfies the usual hypotheses, i.e. To contains all P- 
null sets of T and (jF t ) is right continuous. Let (W t )t>o be a ci-dimensional 
(J^)-Wiener process. We denote by a : R d x [0, oo) — > E and b : E d x [0, oo) — ► 
R d two deterministic functions, and assume that (Xt)t>o is an (^)-adapted 
semimartingale solving the integral equation 

X t = f b(X s ,s)ds+ [ a(X s ,s)dW s (t>0). (1) 
Jo Jo 

For ease of notation, we abridge bt ■= b(Xt,t) and at := cr(Xt,t) for t > 0. 
(Xt)te[o,i] represents the original process which will be approximated by 
some discrete r.v. X, the reconstruction. 

Our analysis requires the introduction of the quantization error under ran- 
dom distortion measures. In the setting of a supremum norm-based distor- 
tions we let E = C([0, oo), R d ), whereas E = L«([0, oo), R d ) will be used for 
L 9 -norm based distortions. For an ^-valued random vector Z, a measurable 
function p : Q x E — ► [0, oo), p > 0, and r > 0, let 

DM{r\Z,p,p) = inf E[pUZ - Z)*] 1 '', 
z 

where the infimum is taken over all discrete, E'-valued r.v. Z with 

| range (Z)\ < e r . 

This is the p-th moment quantization error for the rate r, source Z and 
distortion p. An E'-valued r.v. Z is called a regular reconstruction for Z, if 

pUZ-Z) <Pu{Z) (2) 

for all to G fi. Condition (2) is satisfied, if, for instance, Z is a reconstruc- 
tion induced by a codebook containing the zero function 0. The quantization 
quantity obtained when confining oneself to regular reconstructions is de- 
noted by D( q '°\r\Z, p,p). Our analysis is based on a technical assumption: 

Assumption 1.1 (C). There exist constants (3 G (0,1] and L < oo such 
that for z, z' £ R d x [0, oo) 

|a(*)| + |6(z)|<L(|z| + l) (3) 
\a(z) - a{z')\ < L[\z - z'f + \z- z'\\. (4) 
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Moreover, we assume that the process {<Tt)te[o,i\ ^ s not indistinguishible from 
the constant 0-function. 

Note that assumption (C) does neither ensure existence nor uniqueness of 
the solution of the stochastic differential equation (1). A useful consequence 
of assumption (C) is that E[||X||^ ^] is finite for any p > 1. 
Our main objectives are the following two theorems: 

Theorem 1.2. Let p > 1 and 

K = lim y/rD®(r\W, \\ ■ ||r ii,p) G (0,oo). 

T/ien 

Theorem 1.3. Let p > 1 and K < co be such that 

D^(r\W,\\-\\ LP [o,i],p)<K^ r . 

T/ien 

DW(r|X, || • \\ LPm ,p) < KE[\\a\\l 2p/(p+2)m ]^^. 



if 



In order to approximate the process (^Q)te[o,i]> we write (X t ) in its Doob- 
Meyer decomposition X t = M t + A t , where 

M t = [ a(X s ,s)dW s and A t = [ b(X s ,s)ds. 
Jo Jo 

We shall see that the dominant term in the quantization problem is the 
continuous martingale M. As is well known, we can represent M as a time 
change of a Wiener process. Let 



t 

2 



V(t) = I a 
Jo 



ds. 



By changing the drift and diffusion coefficients outside the time window 
[0, 1] we can ensure that lim^oo <p(t) = oo without changing the process 
(Xt)te[o,i\- Then Wt = M^-i^ is a d-dimensional (JF^) -Wiener process, 
where 



<P 



_1 (t) :=inf|s>0:^ cr£du>i}. 



We roughly sketch the idea of the coding scheme for M. It can be decom- 
posed in the following two steps: 
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1. approximate the real time transform ip by some random monotone 
function tp £ C[0, 1], and 

2. approximate (W t ) tg [ 0)T ] (t := 0(1)) by (Wt) t6[0)T] . 

Then M = W^(.) is considered as the reconstruction, and the coding error 
can be controlled by 

||M-M|| [0il] < ||^(.)-^(.)ll[o,i] + ll^(-)-^(-)H[o,i] 

In the setting of L p -norm based distortion, the corresponding estimate is 
then 

||M - M|| LP[0 ,i] < HW^.) - W # (.)|| [0) i] + ||W^(.) - W"^(.)||lp[o,i]- 

Denoting by v the random measure induced by ip, i.e. v := A((^ _1 ), one 
obtains 

\W - M\\ LP[0A] < HW^.) - W^ ( .)||[o,i] + II w " ^II^H- 
We shall see that, in both cases, the first term in the sum is asymptotically 
negligible so that the asymptotics are governed by the second terms. So we 
need strong estimates for the second term, whereas weak estimates suffice 
for the first term. 

The article is outlined as follows. The proofs of the theorems are based on 
a representation of the diffusion (Theorem 7.1) which will be given in Sec- 
tion 7. The proof of this statement requires a couple of preliminary results: 
We start in Section 2 by providing an upper bound for the quantization 
error based on entropy numbers of compact embeddings. These yield weak 
asymptotic estimates which enable us to control the asymptotically negli- 
gible terms. Next, we prove an estimate for the moments of the Holder 
norm of continuous martingales. Based on this estimate, we then show that 
the time transform ip lies in a Holder- Zygmund space, and that all its mo- 
ments are finite. This leads to estimates for the quantization problem for ip. 
The next section is devoted to an upper bound for HW^.) — W^(.)||[ 0j i] for 
"good" reconstructions ip of ip. In the following section, results of the the- 
ory of enlargements of nitrations are used to show that roughly speaking the 
martingale W can be assumed to be independent of the time transform (p 
without changing the coding complexity. Putting all these results together 
leads to the proof of the main representation (Theorem 7.1). With this 
theorem, the problems of coding the diffusion are equivalent to coding W 
in random L p (v) and C[0, r]-spaces, respectively. Solving the optimal rate 
allocation problems leads to the main theorems. 
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2 Entropy numbers and the quantization problem 

Let (E, || • 11^;) and (F, \\ • \\f) denote normed vector spaces such that E 
is compactly embedded into F. We denote by e n = e n (E,F) the entropy 
numbers of the embedding, i.e. 

2 n-l 

e n (E,F) :=inf|e > : 3 Xl , . . . , x 2 n-i G F s.t. B E (0,1) C [j 5 F (x;,e)}. 

i=i 

We assume that E is endowed with a u-field such that both norms and the 
vector space operations are measurable. In this section we write / ^ g iff 
limsup - < oo. 

Lemma 2.1. Let a > 0, and suppose that E is compactly embedded into F 
with 

e n (E,F)<n~ a , n - oo. (5) 

T/ien /or all p > p > there exists a constant c = c(p, p) < oo stic/i i/iai /or 
a// E -valued r.v. 's Z and r > 0, one has 

^(rlZJI-ll^^^cElllZllI] 1 ^-^-. ( 6 ) 

Proof. Fix p > p > 0. Notice that it suffices to prove the existence of a 
constant c < oo such that for any ^-valued r.v. Z with EfUZH^] 1 /^ = 1: 

D^\r\Z,\\-\\ F ,p)<c r ^, 

since the general statement then follows by a scaling argument. 

Notice that e n = e n (E,F) is bounded by the norm ||id : E — > F\\ =: £. 

Consequently, using assumption (5), there exists c\ < oo with 

e„ < ci n~ a (n G N). 

Let U = B E (0,1) and 

N(e,A) = mm{\C\ : A C C + B F (0,e)} (A C F, e > 0). 
Then one has log N(2e n , U) < (n — 1) log 2, and hence: 
log N(a n~ a , U) <{n- 1) log 2. 



7 



By the monotonicity of e i-> N(e, U), it now follows that log N(e, U) ^ E~ x l a 
as e J, 0. Since N(e, U) = 1 for e > £, there exists a constant C2 < oo such 
that 

log N{e,U) < c 2 e' 1/a {e > 0), 



and, consequently, 



co s l l a 

lo g 7V( £ , sC /)< A_ (7) 



for every s, e > 0. We fix 77 > such that (1 + 77 )p < p, let e > arbitrary 
and consider 

£i :=£,(£):=£ e ( 1+ ^ (i€N ). 

Moreover, let 

Si = e l (i € N ), 

and s_i := 0. We use e^-nets of the sets s^C/ to generate an appropriate 
codebook. Note that Si > if 



i > 



^log(£/e) 



V =: M. 



Since Clkll-B > IMI-F f° r x e E, the set {0} is an optimal e^-net of TiU for 
i > M. We consider the codebook 



M-l 



C(e) = {0}U (J C,( £ ), 
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where C«(e) denote arbitrary optimal £j-nets of riU (i G No). Then 

oo 

E[d F (Z,C(e)r] < ^E[l [si _ 1;Sj) (||Z|| £ )^,C,( £ )f] 



i=0 

oo 



= e p + S ;p(l!£!b> 1 ) e 

1=1 s j-l 

00 p 

<e p + E[||Z|||]X;^- 

i=l 

i=i 

00 

i=i 

Since p > (1 + r/)p, the previous sum converges. Consequently, there exists 
a constant C3 < 00 not depending on Z and such that 

E[d F (Z,C(e)) p ] <c 3 e p . 

It remains to compute an upper bound for the size of C(e). If e > £, then 
M = and \C(s)\ = 1. On the other hand, for e < £ equation (7) implies 

M-l M-l 

|C(e)| < 1 + X] |Ci(e)| < 1 + £ ex P( c 2 (*iAi) Va } 

i=0 i=0 
M-l 

= l+£exp{c 2 — ,e"^} 

i=0 

<l + Me X p{ C2 -^} 

< 1 + (l + X - logfc/e)) exp{c 2 -l^}. 

Combining both estimates, we conclude that there exists a constant C4 < 00 
such that for all e > 0, 

|C(e)| <exp{c 4 ^}. 
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Therefore, 

D(«'°)(c 4 £- 1/a \Z,\\ ■ \\ F ,p) p < c 3 e p 
for e > and, hence, choosing r > arbitrary and e = (r/c±)~ x l a yields 

D^°\r\Z,\\-\\ F ,p)<c 5 ^ 

for some constant C5 < 00. Since D^ q '°\r, \Z, \\ ■ \\f,p) is uniformly bounded 
by £, we finally conclude that there exists a constant C6 < 00 such that 



D^°\r\Z,\\-\\ F ,p)< 



C6 



1 + r Q 

for all r > 0. □ 



3 Holder continuity of M 

Let M = (M t ) t (z[o,i] be an (^)-adapted process of the form M t = J Q * a s dW s , 
where (at) is an (J^)-adapted process such that the integral is well defined. 
In this section we do not require that (at) be given by at = a(Xt,t). 
We denote by | ■ \ a the a- Holder semi- norm on C[0, 1], i.e. 

I/,, sup MzfM. 

0<s<t<l \t — S\" 

Based on the GRR inequality (see Garsia et al. (1970/1971)) we derive an 
upper bound for the moments of \M\ a : 

Theorem 3.1. Let a € (0,1/2) and k > 2/(1 — 2a). Then there exists a 
constant c = c(n, a) such that 

n\M\ K a ]<c f\[\a u \ K ]du. 
Jo 

The constant c does not depend on the martingale M. 

Proof. Fix a € (0, 1/2). Let / : [0, 1] — > M be a continuous function and 
let (3, 7 > with a = 7 — 2/(3. We consider ty(x) = \x\P and p(x) = |x| 7 , 
iGl. Then the GRR lemma states that for 



B:=B(f):= / / * ^ — ^ )dsdt= / / jw^dsdt, 

Jo Jo V p(s-t) J J J \8-t\fr 

(8) 
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one has 



\M-f(t)\<8j o ^-\-^)d P (0 

r\s-t\ ( 4jB )l//3 



JO 



8 7 (4B) 1 / /3 
o 7 



\a-t\ 



d P (0 



1-^1(5 

for all s,t £ [0,1]. Consequently, 



Jo 

(45)^15 - t |7-2/^ 



a 



Now fix i G {1, . . . , d} and consider the i-th coordinate of M (denoted by 
M l ) instead of /. We define B := B(M l ) in analogy to (8), and estimate 
the K-th moment of |M l | a for k > (3 V 2. Using Jensen's inequality and the 
Burkholder-Davis-Gundy (BDG) inequality, we conclude that there exists 
some constant c\ = ci(/c) < oo such that 



E[B"/0] < E 



r-l /•! 



< 



|M] - M\\ K 
-Jo Jo \s-t\"-r 
n E[\M S - M t \ K \. 



10 Jo 



< 



J J 

Jo Jo 



\s - t\^ 
ft 



ds dt 



ds dt 



Cl E[|/> tt | 2 d U |"/ 2 ] 



2ci 



E[(£* |a u | 2 Ai)*/ 2 ] 



S - 

1 r l-S tt^iy rs+S 



lo Jo ^ 
Applying again the Jensen inequality leads to 



ds dS. 



rl rl-5 

E[B K/ P] < 2ci / <T K7+k/2 / E 
Jo Jo 



?+<5 



(5 Mo-j.rdu 



ds d<5. 



By elementary analysis, one can show that the inner two integrals satisfy, 
for 5 G (0,1): 



i-l—S rS+S rl 

/ / 5- l E[\cT u \ K ]duds < / E[\a u \ K ]du. 

Jo Js Jo 
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Consequently, 



E[B K ^]<2 Cl f 1 5- K7+K / 2 dS ■ C W,[\a u \ K ]du. 
Jo Jo 

Thus if — K7 + k/2 > — 1, then there exists a constant C2 < 00 depending on 
k and 7 with 

n\MY a ]<C2 [\[\(T u \ K ]du. (9) 

Jo 

Now we need to study for which k € R+ there exist appropriate values for 
/3 and 7 admitting an estimate (9) with finite C2: /? and 7 need to satisfy 

00 7 - 2//3 = a , (u) k > /? V 2 and (m) - K7 + k/2 > -1. 

When choosing 7 £ (1/2, 00), conditions (i) to (iii) are equivalent to 

2 , 1 

k > V 2 and k < 



7 — a 7 — 1/2 

Elementary analysis implies the existence of an estimate like (9) for each 

2 



k > 



1 -2a 

The general assertion of the lemma is obtained via applications of the tri- 
angle inequality. □ 

Remark 3.2. The condition that k > 2/(1 — 2a) is necessary for the validity 
of the lemma. If the condition is not satisfied, a counterexample is obtained 
as follows: fix e € (0, 1] and let a t := \o^\{t)e~ l ^ K (t G [0, 1]); then the right 
hand side of the inequality is equal to c, whereas E[|M|£] tends to infinity 
when letting e to zero. 

4 Regularity of if and its coding complexity 

We assume again the setting of section 1. Let m G N, a 6 (0,1] and 
s := m + a. For / G C m [0, 1] we let 



l[o,i] + l/ (m) U 

denote the s-th Holder-Zygmund norm and denote by 
C s :={/GC m [0,l]:||/|| s <oo} 
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the corresponding Banach space. Owing to Kolmogorov, the space C s is 
compactly embedded into C[0, 1] and the corresponding metric entropy num- 
bers satisfy 

e n (C s ,C[0,l]) « -1, n^oo. 
Thus Lemma 2.1 immediately implies: 

Lemma 4.1. Let p > p > and s > 0. There exists a constant c = c(p,p, s) 
such that for all C s -valued random variables Z and all r > 

D^\r\Z,\\.\\ m ,p)<cn\\Z\\t}^-^. 

We use this fact to prove the following lemma. 

Lemma 4.2. For p > and a G (0,(3/2), there exists a constant c < oo 

Proof. Recall that </?(i) = J Q * cr^ ds. Thus, in view of Lemma 4.1, it suffices 
to prove that for p > 1 and a £ (0, /3/2), 

E [llvll^ 1] ] 1/p + E[|^IS] 1/p < oo. 
Note that by assumption (C): 




In particular, E^^H^ is finite for all p > 1. It remains to consider E[|<t 2 |q]. 
By Theorem 3.1, it is true that for every a' G (0, 1/2) and p > 1 

E[|M£,] < oo. 

Moreover, again by assumption (C) 

EIK,] 1 ^ < EO^I?] 1 ^ < E[||6||f 0il] ]VP <2L + L n\X%^* < oo 

and hence 

E[|X£,]Vp < E[|Mp^ + Ef^,] 1 ^ < oo. (10) 
Since in general \a 2 \ a < 2||cr||[ 0) i]|cr| a , one also has: 

E[(\a\r]<2P E[||a||f 0>1] |a|S], 

and due to the Cauchy Schwarz inequality it suffices to establish the finite- 
ness of E[|u|a P ]. By elementary analysis, we obtain that 

\a\ a <L(\xf a/f3 + \X\ a + 2), 
so that (10) and the inequality a/ (3 < 1/2 imply that E[|<t|q P ] is finite. □ 
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5 An estimate for E[||W^(.) — W^(-)||joii] 

In the previous section we considered bounds for the quantization problem 
for the original 92 in C[0, 1]. It remains to study the quantity E[||W^(.) — 
^0(-)Hfoi]] ^ or "g°°d" reconstructions (p of 92. The following analysis relies 
severely on concentration properties of Gaussian measures. 

Lemma 5.1. Let T, E\, £2 > with £ 2 > \/2ei- We have 



e 2 

sup \W t - W 8 \ < 3e 2 ) > (l -2e~^Y, 
{s,te[o,T]-. 1 v 1 

|s-t|<ei} 

where n := \T/e{\ . 

Proof. Let T,e±, £2 and n as in the lemma. Set ti = i£\, i = 0, . . . ,n — 1, 
and t n = T. It holds 

sup \W t — W s \ < 3 max sup |W S — W t .\. 

{«,te[o,r|: i=0 '-' n - 1 8e[u,U+i] 

|s-*|<ei> 

We denote Afc = sup s6[t . ;t . +l] \W S - W u \, i = 0, . . . ,n - 1. Then 
Pf sup \W t - W s \ < 3e 2 ) > P( max M, L < e 2 ) 

V {s,t6[0,T]: > i=0,...,n-l 

\s-t\<ei} 

Note that the random variables Mq, . . . , M n _i are independent and, there- 
fore, 

n-l 

P( max ^ < e 2 ) = TT P(M; < £ 2 ). 

i=0,. ...n— 1 - LJ - 
i=0 

We compute 

P(M i >e 2 )<2P( sup (W s -W ti )>£ 2 ) 
se[*»,*»+i] 



= 4P(W ti+1 -W ti )>£ 2 ) 
y/U+l 
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where := {2-k)- 1 / 2 J t °° exp{-x 2 /2} dx (t € R). By assumption, the last 
term is less than 1 and 

P( max Mi < e 2 ) > f| (l - 2e^ 2<t '+ 1 - t -») > (l - 2e" 1 ^")™. 

i=i 

□ 

Notice that Co[0, T] equipped with the norm 

||/|| £1) t:= sup \f(t)-f(s)\ 
s,te[Q,T]: 

\s-t\<E! 

is a separable Banach space, say C £lt T- Thus we can interpret iy^t)t^[o,T] as 
a centered Gaussian random vector in this space. Let m £1) T £ R+ denote the 
7/8-quantile of ||W^|| £i ,t- Using elementary analysis together with Lemma 
5.1, we obtain: 

Lemma 5.2. There exists a constant c < oo such that for all T, £\ > one 
has 

m £uT < ^£1(1 + log+ ^ 
Lemma 5.3. For any A £ J 7 and p > 0, it holds 

nU \\W\\* < 2V2 m £l , T [2 [°° e^ 2 dx] 1/P , 

where := J t °° v^"* exp{-x 2 /2} (t G M). 

Proof. Due to Ledoux and Talagrand (1991) (p. 99) (see also Ledoux (1996), 
p. 202, 210) it holds 

a := sup E[/ 2 (1U)] 1 / 2 < 2^2 m ei)T , 

/ec; iiT ,||/|| o;iiT <i 

where C* T is the topological dual of C £1i t- As a consequence of the isoperi- 
metric inequality, one obtains 

n\\W\\ £uT > m £uT + to) < *(t) (/ > 0). 

Therefore, we can find a standard normal random variable N on a sufficiently 
large probability space such that 



\W\\ £uT < 2^2 m £ltT [l + N + ], 
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where iV + = N V 0. Consequently, 

E[1 A WW^] 1 ^ < 2V2 m £1;T E[U (iV + + 1) P ] 1/P - 

□ 

Lemma 5.4. For p > there exists a constant c = c{p) such that for all 
A G T , T, £1 > one /ias 



E[U|| WH^^Vp < c (l + log + ^) g Vl + log(l/g) P " ' 



where q := F(A). 

Proof. By elementary analysis one obtains 



f'°° 

/ (y + lfe- y 12 dy ~ a? -1 #(2;), x^cx), 



and thus 

fOO 



/ (y + l) p e"» /2 dy ~ £ tf" 1 (e)^ 1 ~ £ ^2 log(l/e) P , £ | 0. 

7*-i(e) 

Consequently, there exists some constant ci = ci(p) < 00 such that for all 
e € (0, 1] 



/»oo 

/ (y + l) p e^ 2/2 <iy < ci £ y/1 + log(l/e) ? 

Jov*- 1 ^) 



;/ + I ) r f " " (III < r, v / .1 + logl ; <: "' 

He) 

An application of the previous two lemmas yields 



EIUHWH^] 1 /? < K , ; ] je 1 (l + log + ^) g Vl + MV^r 1 , 

where g := P(A) and C2 = C2(p) is a constant only depending on p. □ 

Lemma 5.5. Suppose that (p^ (r > 0) are reconstructions for ip such that 

limE[||^-^)||f 0)1] ]V2 = . 

Then for any p > 1, 

- ^ W( . ) ||f 0!l] ] 1 /f = O (y/d(r) log(l/d(r))) , 
w/iere d(r) = E[||y> - £ (r) llfo,!]] 172 - 

16 



Proof. Consider the r.v.'s £1 := £i(r) := \\<p— <,3^||[o,i] andr := sup te [ 0jl ] <p(t). 
Notice that 

\\W V (.) - WfWtfWp,!] < ||W|| ei)T+ei . 
Let now I := {e i : i £ N }, 

Ei := ei(r) := min([e 1 , oo) n E[e^] 1/2 I) and f := f (r) := min([e 1 , oo) n I). 

E\ and f are discrete r.v.'s dominating E\ and r and satisfying 

ei < esi + E[eI} 1/2 and f < er + 1. (11) 

Denote by (p £ ,t) the probability weights of (e~i,f). Then the triangle in- 
equality and Lemma 5.4 yield 

n\\w\\ p £1 , T+£1 }V p < nwwi uf+Sl \ ilp 

iVp 



<£ E [W)=M)}H W 

p-1 



£,t 



< ciEUK! + log(l + + log(l/p £ - 1; 



< ciE 
=: ci Si • £ 2 



£i 

T 



1/2 r 

£l(l + log(l + -)) E (1 + ]0g{l/p Suf )) 



p-1 



1/2 



for some appropriate constant ci = ci(p). Notice that the second term is 
dominated by 

S 2 <c 2 (iJf- 1 ( £ - 1 ,r) 1 /2 + i), 

where c 2 = c 2 (p) < oo is a universal constant and H p ~ l denotes the gener- 
alized entropy 



^- 1 ( £ "i,f) := 5>, t (log(l/p B> ,)) p - 1 . 

£,* 



Now choose e = Efe 2 ] 1 /^ and £ = e 7 G No). If i,j £ N, one obtains 
with (11) and the Cauchy-Schwarz inequality 

Efrf] E[( e£l +E[ g 2]V2)( r + i)] 

Pe '* " E[ e 2]i/2 e i+i-2 - E [ e 2]i/ v+J - 2 

(e + ljE^r + l) 2 ] 1 / 2 
- e «+i-2 
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If i = and j G N, then 



E[f] ^E[(r+1)] < E[(r + l) 2 ]V2 



whereas for z G N and j = 0, one obtains 

E[ei] 



< 



E[ £ 2]i/2 e i-i - e <-i 



Note that the above estimates for p £>t do not depend on the rate r > 
and decrease sufficiently fast to zero in order to provide the fmiteness of 
H p ~ 1 (ei,f). Therefore, H p ~ 1 (£i,f) is uniformly bounded for all r > by 
some constant C3 < 00 depending only on E[(r + 1) 2 ] 1//2 . Consequently, S2 
is uniformly bounded. 

It remains to consider the first expression Si. Using (11) and the inequality 
f > 1 we arrive at 



E 



< E 



ei(l + log(l + -)) 
£1 



< E 



1 



ei(l + log f + log(l + — )) 
£1 

(eei + ¥,[e\] 1/2 )(l + log(l + er) + log(l + ' 



eei +E[ef]V2, 

An application of the Cauchy-Schwarz inequality then yields that 

S 2 = 0(E[£ 2 ] 1 / 2 log(l/E[£ 2 ] 1 / 2 )) 
and the assertion follows. □ 



6 Coding (W t )te[o, T ] 

We need some more notations. For / G Co([0, 00), M. d ), let 

I II s 1 1 L 2 [0,00) if / i s weakly differentiable 



n 



00 else. 



Moreover, for T > and / G C o ([0, T], R d ), let ||/|| Wt = ||f \\ L 2 [0iT] if / is 
weakly differentiable on [0, T] and ||/||^ T = 00, otherwise. The correspond- 
ing Hilbert spaces are denoted by H and Ht- 

We recall some results of the theory of enlargements of nitrations (see Jeulin 
and Yor (1985), Ankirchner et al. (2004)). Let [T^) be the filtration gen- 
erated by the Wiener process (Wt) and denote by Z a discrete random 
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variable with probability weights (p x ). We consider the enlarged filtration 
Qt = J 7 f V Va(Z) (t > 0) and assume that for some fixed p > 1 the generalized 
entropy 

W(Z) :=E[(log— Y~ 
LV Pz J J 

is finite. Then the process (Wt) is a (^t)-semimartingale, and its Doob- 
Meyer decomposition Wt = Wt + At comprises a (^)-Wiener process (Wt) 
and a process of bounded variation (A t ) satisfying 

E[\\A\\%] < Kp (H?(Z) + 1). (12) 

Here, the constant k p depends only on p. 

We recall that Hi is compactly embedded into C([0, l],M d ) and that its 
entropy numbers satisfy 

e n (Wi,C([0,l],R d )) « -, rwoo. 

n 

Lemma 6.1. Let p > p > 0. There exists a constant c = c(p,p) such that 

D^°\r\Y, || • \\ [0 , T] ,p) < c VT E[\\Y\^ t }^ _1_ 
/or a// T > 0, r > and Ht -valued r.v. Y. 

Proof. By Lemma 2.1, the statement holds for fixed time T = 1 for an 
appropriate constant c > 0. Notice that for T > the maps 

4 1} = - Wi, / ^ 4=/(T-) and 



4 2) :C[0,T]^C[0,l],/^/(T-) 
are isometric isomorphisms. Consequently, 

^(r^, || • ||[ ,T],P) = D^(r\4\Y), || • || [0)1] ,p) 
<cE[||4V)lU^;-^7 



= cE[\\VT4\y)\\^-±- i 

= cVTE[||y||f, T ]VP_l_. 



□ 
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Lemma 6.2. For any p > 1, there exists a constant c < oo such that 

D^{r\A, || • || [0lT] ,p) < c(H p (Z) + ljVapfVri + P(r > T) x / 4p E[r 2j f/ 4p ] 

/or all T > 0, r > 0, all [0, oo) -valued r.v. 's r and a// side informations Z . 
Proof. Fix T > and r > 0. The previous lemma and equation (12) imply 

D^°\r\A, || • \\ [m ,p) < Cl Vf E[||i|| 2 H 1/2p ^ 

< ci 4 /2p Vf (HP(Z) + 1)V2p JL 
v r + 1 

= f Vr (iF(z) + \) 1 / 2p _L 

z r + 1 

for some appropriate constants Ci,C2 depending only on p. Consequently, 
there exists a codebook C C C[0, oo) of size [e r \ which contains and 
satisfies 

E[mm \\A - a||f 0;T] ] 1/p < ci VT{H P (Z) + I) 1 / 2 ? (13) 
Let A now denote an || • ||[ 0)T ] -optimal reconstruction for ^4 in C. Then 

E[P " illfo,.]]^ < mr<T}\\A ~ i||f 0iT] ] 1/P + nhr>T}\\A\\\ , T] ] 1/P 
= ■■ h + h- 

It follows from equation (13) that 

h<* VT(hp(z) + i) 1 / 2p ^—. 

r + 1 

Moreover, the second term satisfies 

l2<ni { r>T}^ P \\A\\ P n T ] 1/P 

< E[l {T>T} r p ] 1/2p E[p|| 2 ^] 1 / 2p 

< P(r > T) 1 / 4p E[r 2p ] 1 / 4p E[p|| 2 |] 1 / 2p 

< Ky 2p P(r > T) 1 / 4p E[r 2p ] 1/4p {H P {Z) + l) 1 ^. 

Putting everything together yields the assertion. □ 

Let now Z^ denote some side information depending on the rate r > and 
let W = + A^ be the corresponding (^)-Doob-Meyer decomposition. 
Moreover, r(r) (r > 0) denotes a random time in [0, 00). We will need 
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Lemma 6.3. Let p > 1 and a > 0. Suppose that for any q < oo 



supE[r(r) 9 ] < oo 

r>0 



and 



#l>(2(r))l/2p = ( r a^ 



r — > oo. 



(14) 



Then for any rj > and e > 




log | range (Z^) | = 0{r 2a ). (15) 



Proof. The first statement is a consequence of the previous lemma. In fact, 
for e € (0, n), r > and T = T(r) = r 2e one has 



It remains to show that (15) is a sufficient criterion for (14). Notice that for 
p > 1, the map x i-> (logx) p is not concave on the domain [1, oo). However, 
we can choose c\ > such that 

/ : [1, oo) — > [0, oo),x i ^ (loga;) p + Ci logx 

is concave. Denote by (g x ) the probability weights of some discrete r.v. Z. 



H p (Z {r) ) 1/2p VT— = 0{r a ^ +e ). 



Next, we set q := 2p 1 ^- and obtain 

jjJ»(Z(»-))i/2pp( r ( r ) > T) 1 / 4p E[r(r) 2p ] 1 / 4p 




fl p^ z (r)jl/2p E [ r ^9]l/4p E [ r ^2p]l/4,. r -(i,- e ) 



Then 



flf(Z) = 2fe( 1 og(V?x)) p = E[(log(lM)) p ] < E[/(l/g z )] 



</(E[l/ 9z ]) </(| range (Z)|). 



The assertion follows immediately. 



□ 
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7 Main representation of the diffusion 

In this section we derive a representation of the diffusion which allows us to 
relate the coding complexity of the diffusion process to that of the Wiener 
process. This will lead to the main theorems. 

Theorem 7.1. Fixp > 1. There exist C([0, oo),R d ) -valued r.v. 's 1^, X^ 
and W^ r \ as well as a C[0,oo) -valued r.v. <p^ (r > 0) such that 

• 3 7 G (0,1) s.th. log | range (1^,^)1 =0{r^), 

• 9?( r ) is a regular reconstruction for p> with E[||</? — <^^||[o,i]] — > 

is a Wiener process that is independent of <pv> 

• 35 > s.th. E[\\XW - l (r) ||f 0jl] ] 1/p = 0(r~^- 5 ) asr^oo. 
Proof. 

1. ) We let (3 > as in assumption (C) and set a := (3/4, Si := a/6 
and 7i := (1 + ^a)/(l + a) < 1. Due to Lemma 4.2, there exists some 
constant c\ < oo such that <p admits C[0, l]-valued regular reconstructions 
(p( r ) ( r > o) satisfying 

| range (^)) | < exp{r^} and E[||y - ^ ||f 0>1] ]V2 < Cl _ 1_ (l 6 ) 

for all r > 0. If i^ 7 *) is not monotonically increasing, we replace (p^ by the 
monotone function t i-> sup sg [ t ] (^^(s), and condition (16) remains valid. 
By Lemma 5.5, it follows 

E[||W„(.)-W w ||^ 1] ] 1 /P = 0( r -i-'i). (17) 

2. ) Let = iy( r ) +^4^ r ) be the Doob-Meyer decomposition of W under the 
side information ip( r \ We want to apply Lemma 6.3: Let r(r) := tp( r \l). 
Then for any p £ [1, oo) 

E[r(r)^=E[(vW(l))n<E[||^W||f 0>1] ] 

< - ^|| [0 ,i] H- ll^llco,!])^]- 
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Due to the regularity of (p^ it holds \\<p — (p^ 1 1 [o, a_] < IMI[o,i] an d, hence, 
E[r(rr] 1 /P<2E[||^||f 0il] ] 1 ^<c 2 <oo 

is uniformly bounded for all r > 0. Recall that | range (ip^)\ < exp{r^}. 
Moreover, for 72 := (3 + 7i)/4< 1 it holds 

/o 1 I-71 1 I-71 1 

7l/2 - 72 = -2-^ < -2-^ =: -2" 52 - 

Therefore Lemma 6.3 implies that 

DW(r^|AW,||-|| [0)T(r)] ,p)=O(r-5-* 2 ), 

and there exist a constant C3 < 00 and continuous reconstructions A^ such 
that 

E[||4« -^ (r) llfo,r(r)]] 1/l ' ^ cs^^ 52 and log I range (1^)1 < r 72 . (18) 

Finally notice that by Lemma 6.1, there exists a constant C4 < 00 and 
reconstructions for A such that for all r > 

E[||A-iW||f 0jl] ] 1 /P <c 4 ^ and log | range (i«)| < r 73 , (19) 

where (53 := jjj and 73 = |. 

3.) We rewrite X in terms of the new r.v.'s: 

X t = A t + M t = A t + W v{t) =A t + (W v(t) - W> )(t) ) + W #W(t) 
= ^ + (W^, - W^ ){t) ) + aw 

" v ' 

Due to (17), (18) and (19) it follows that the process x[ r) := A { p + A { ^ r) 
satisfies for 5 := min(<5i, 62, 63) > and 7 = max(7i, 72, 73) < 1, 

mx (r) _ ^W||f 0>1] ]i/P < E [\\A - AVWfa] 1 '* + E[||W„ ( .) - W^\\l^lv 

+ ^ll4«(0- i ^(-)ll[o,i]] 1/P = °^^ 5 ) 

and 

log I range (l (r) , <^ (r) )| < r 71 + r 72 + r 73 = 0{r r ). 

□ 
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8 The quantization complexity of X in C([0, l],R d ) 

We are now in a position to prove Theorem 1.2. Fix p > 1 arbitrary and let 
K £ [^,7r] such that 

r> (,) (HWill-ll[o,i].p)~^^. ( 2 °) 



Lemma 8.1. 



ll ■ || [0! i],p) < ^Etii^n^^^ivp _L. 

Proof. Let X = I«, X = i< r ), = <p( r ) and W = W"( r ) be as in Theorem 
7.1, and let r = v?(l). There exists a discrete r.v. W such that, conditional 
upon if, the random law C(W\(p) is supported on a set of size |_e r J and 

H\\W - W\\^ T] m = V?DM{r\W, || • || [0 ,i],P) P - 

Then 

E lll^ " ^H[o,r]] 1/P = nV^] 1/p D^(r\W, || • || [0)1] ,p). 

Notice that Iim r _ 0O E[ > /T p ] 1/l ' = E[||<7||* a[0 As a reconstruction, we 

choose X := X^ :=X + W, so that 

e[\\x - x\\i,i]\ 1/p < n\\x - iiif 0il] ] 1/p + n\\w - Hif , T] ] 1/p 

$n\w\\b m i 1/p * ^- 

Moreover, X has range of size e( 1+ °^ 1 ^ r . □ 
Now we turn to the proof of the converse inequality: 
Lemma 8.2. 

^Hr|X,||.|| [0il] ,p)>KE[||< 2[0)1] ]V P _L. 

Proof. Let X, X, (p and W be as in Theorem 7.1. Denote by X = X^ an 
arbitrary reconstruction for X that has range of size [e r \ . Let 

W t := W t (r) := Xf- Ht) - Xf- Ht) (t G [0,r]), 
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where ip 1 (t) := inf{s > : ip(s) > t}. Since Wt = X^-i/ t \ — X^-iu\ for 
t G [0, r] one has 

E 0I^ - ^H[ M ] 1/P < E[ll^-(0 " V>(-)H[0,J 1/P + - V(0llfo,r 



<E[||X-l||f 0)1] ]Vf + E[||X-l| 



[0,1] J • 



(21) 



On the other hand, the random law £(W|</?) is supported on a set of size 
| range (X)\ ■ \e r \ = exp{r + C(r 7 )} for some 7 G (0, 1), and given (p the 
process W is a Wiener process. Therefore, E[||iy — V^H^ r J (p\ > K p ^fr (1 — 
o(\y)l\fr p as r — ► 00. Here, the o(l)-term depends only on r but not on the 
realization of (p. Consequently, 



1/p 



> E 



1/p 



KE[t/t p ] 1 / p —=. 



Note that lim r ^ 00 E[^/7 p ] 1 / p = E[||<r||£ 2[0 J 1 ^ and, hence, (21) implies that 



n\\X - X||f 01] ]VP > (l _ (l))KE[\\a\\l 2m rP — 

1 



1 ■"•±-E[\\X-X\\> m ] 1 '* 



^[IMr L2[ o,/ /p — 



□ 



9 Coding complexity of W in general L p (v) -spaces 

Let p, g > 1, T > and is £ A4[0,T), where A4[0, T) denotes the set of finite 
positive measures on the Borel sets of [0,T). The objective of this section 
is to provide an upper estimate for D^ g \r\W, \\ ■ \\li(v)-iV)- 

Lemma 9.1. Let p > q > 1. There exists a constant c = c(p) such that for 
allr,Ar,T> and v G M([0,T)) 

£>(9)( r +Ar|W,|| • \\ L <,(v),p) 

< u[0,T)^VT[D^(r\W,\\ ■ \\ W ),p) + ce- Ar / 2d ]. 

The proof of the lemma uses a simple consequence of Dereich (2003) , Propo- 
sition 6.3.4 (see also Corollary 6.7 in Graf and Luschgy (2000)): 
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Proposition 9.2. Let p > p > 1 and m G N. T/iere exists a constant c < oo 
sttc/i £/ta£ /or a// M m -valued random variables Z and all r > 0, 

D iq \r\Z,\ • \,p) < cE[|Z|P] 1 /P e _r / m . 

Proof of Lemma 9.1. First consider the case where v is a probability 
measure on [0, T). For t G [0, T) let 

0* : [0, T) -► [0, T) := s + t mod T 

and let ^ := o fl^T 1 denote the measure induced by the map 6 t . Now let 
W be a r.v. attaining at most e r different values with 

n\\W - W\\l q%T) } l 'v = D®{r\W, || • \\ Lq[0 ,T),p). 
Using the Jensen inequality we arrive at 



o 

< E 
= E 



[0,T) 
T 



\W U -W u \ q dv t (u] 



p/q- 



dt 
J T 

dt\p/q 



f [ \W U -W u \ q dv t {u)%) 

JO J\0,T) 1 ' 



'[0,T) 



rpp/q 



D^(r\W,\\-\\ Lq[0>T] , P r 



In particular, there exists t G [0, T) such that 



nWe t{ .) - We t{ .)\\ p Lq(v) ] llp = E[( / |W U - W^c^u 



[0,T) 



p/<? 



1/5 



^^T-^WH-IU^T)^). 



jU/g 

Using that D(«)(r|W, || • ||l«[o,t),p) = £> (<?) W II ■ I|l«[o,i),p) one ob- 

tains 

E[||^ t( .) - ^ t (.)lli, H ] 1/p < >/TZ>W(r|W, || • || L , [0) 1),P)- 
Now let for s G [0, T) 



W et(s) - W t if s + t < T 

W 0t(s) + W 1 -W t if s + t > T. 
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Clearly, (W s ') s6 [ 0) t) is a standard <i-dimensional Wiener process. We consider 
reconstructions (W' s ) of the form 

*::=/*■«*)+* ' fs + *< T (22) 
\ »'„,,«) + -4 2 if s + t>T, 

where A\ and ^4 2 denote M. d - valued r.v.'s which still need to be fixed appro- 
priately. Then the coding error can be controlled by 

WW - W'\\ Lq(v) < - W et (-)h, M + I ( w ~ Wt Wt \)[ ( 2 3) 

Set Z := {-W t , Wi - W t f . Clearly, E[|Z| 2 f] is finite and due to Proposition 
9.2 there exists a constant c\ = c\(p) < 00 only depending on p > 1 such 
that for all Ar > 

D®(Ar\Z,\- \,p) < Cl E[\Z\ 2p }^ 2p e- Ar/2d . 

Notice that E[|Z| 2p ] 1 / 2p < c 2 VT for some constant c 2 = c 2 (p) < 00 only 
depending on p. Choose now A±,A 2 such that the random variable (Ai, A 2 ) 
has range of size e Ar and satisfies 



E 



\W 1 -W t -A 2 J J 



where c := 2c\c 2 . Then W' as defined in (22) has range of size e r+Ar and 
by (23) it holds 

n\\W - W'Wl^ < VTD^(r\W, || • |U, [0l i),p) + c v/Te"^. 

For a general finite measure v £ .M[0,T) there exists a probability measure 
1/1 G M [0, T) such that f = z/[0, T) ■ u\, and one has 

II W - W'\\ Lq{u) = i/[0, T) 1 '* \\W - W'\\ Lq[vi) . 

The assertion follows immediately. □ 

10 The quantization complexity of X in L p [0, 1] 

For fixed p € [0, 00), we consider asymptotic upper bounds for 

D^(r\X,\\-\\ LPm ,p). 
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We denote by K = K{p) < oo a constant with the property that 

D^(r\W, || • \\ LPm ,p) < K^=, r - oo. (24) 

Due to Dereich et al. (2003) such a constant exists. 
Theorem 10.1. 

D^(r\X, || • \\ LPm , P ) < ^I£[||< 2p/(p+2)[0il] ]^ -J=. (25) 

Proof. Let X = X (r \ X = X( r \<p = ^ and W = be as in Theorem 
7.1. Recall that the time change (p = <p( r ^ and the Wiener process W = 
are independent. We fix n G N and denote r« := Tj(r) := tp( r \i/n) 
(i = 0, ... ,ri) and r := r(r) := (£>( r )(l). Moreover, let for t G [rj_i,Tj), 

:= Wi - W Ti _ x and VF" = W n _ 1 . 

Clearly, W = W'+W" . We define reconstructions for W' and W" separately. 
In the following, let Ar = y/r. Set Y := (W n , . . . , W Tn Y. Assume first that 
(r«) is deterministic. Then one has 

D^(Ar\W", || • ||[ 0)T ],p) < £> (<?) (Ar|Y, \-\,p). 

As in the proof of Lemma 9.1 we conclude that there exists a universal 
constant c\ = c\{p) < oo such that 

D®(Ar\Y, | • \,p) < f ^e- Ar / nd . 

Now let (rj) be random as before. Since VF" is independent of <p there exists 
a discrete r.v. W 7 ' such that conditional upon <p, W" has range of size [e Ar J 
and it holds 

E[\\W" - iy ,, |l[o, T ]l^] 1/p < ci VTe~ Ar ^ nd . 

Consequently, 

E[\\W" - ^"||f 0jT] ] 1/p < ci E[V^] 1/p e - Ar/nd . 

Clearly, this expression is of order o(l/\fr) since E[- v / t p ] is uniformly bounded. 
Now we construct a reconstruction for W. We decompose the random 
measure v := z^ r ) := A((^ _1 ) into the sum 

n 

V = 

i=0 
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where Vi = ^|( rj _ 1)Ti+1 ) for i = 1, . . . , n, and vq contains the remaining mass 

of v. Then fi[rj_i, Tj) < 1/n. We set Ar^ = Ar^ = Tj— Tj_i for i = 1, . . . , n, 
and choose 

Ar p/(p+2) 

ri = r < (r,y)= ' ' 2) r V ^- 

Due to Lemma 9.1, there exists a constant c 2 = ci(j>) and reconstructions 
= W'^ such that conditional upon <p, W' has range of size exp{r! + 
■ ■ ■ + f n + 2<inAr} and 

Eiiiw - ^'ii^hI^ = jznw - w'\\ p LP(Ui) m 

< -EArf/ 2 ^)^!^, || • || LP[0il) ,p) + c 2 e- A ^. 



n . , 
i=i 



Notice that rj converges uniformly to oo (independently of the realization 
of ip). Thus, using condition (24), we conclude that 

A7f /2 D^(n\W, || • \\ Lp[ o,i),pT < {K + o{l)Y Arf /2 -Lp 

V r i 

n 1 

< (K + o(l)f Arf /(p+2) (£ At? /{p+2 Y 2 ^. 

3=1 ^ 

Here, the o(l)-term converges uniformly to as r — > oo, independently of 
the realization of (p. Since is uniformly bounded, it follows 

that 

EBW - *-T„ M ] < ^4^=[i(E Arf »«>)*>+^]. 

V j = 1 

Note that for alH = 1, . . . , n, Ar« converges in probability to ip{i/n) — y>((i — 
l)/n) and, hence, by dominated convergence it follows that 

n\\W - WT LP{V) ] 1,P < (K + o(l)) Z n ±, 



where 



z » = E [^(E(^/n) - - l)/n)r/^f +2)/2 

'" l 3=1 



1/p 



29 



Therefore, the reconstruction W := := W' + W" satisfies 



n\\w-w\\ p LP{u) ] l/p <Kz n ^. 



It remains to combine all estimates to control the quality and complexity of 
the reconstruction 

X := A (r) :=X + Wft.y 

One has: 

log | range (X) \ < log | range (X, W, 0) \ 

< r + (2dn + l)Ar + log | range (X, (p)\ 
= (l + o(l)) r. 

Moreover, notice that 

11^ ~ ^IIlp[0,1] < 11^ - 1 1 [0,1] + \\ W <p{-) - W <p(-)\\lp[0,1] 

= \\x-x\\ m + \\w-w\\ LP{u) , 

hence: 

n\\x - x\\% m i 1/p < K Z n ± 



The statement is valid for all n £ N and it remains to show that limn^oo Z n 

E[|k||^ 2p/(p+2)[0) 

[(i - l)/n,i/n), 



^[|| (J ll^ / 2p/(p+2)[o Let ^ or fi xe d n ^ N and for i = l,...,n and t G 



pi/n 

o\ = n \ of dt. 

J(i-l)/n 



/(i-l)/r 

Then we can rewrite Z n in terms of o 2 : 



Z n = E 



(j\a?T /(p+2) dt) 



\ (P+2)/2 



1/p 



As n tends to infinity, o 2 converges pointwise to a 2 . Hence, the result follows 
by the dominated convergence theorem. □ 
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